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We present a general model, based on a Hamiltonian approach, for the joint quantum state of
photon pairs generated through pulsed spontaneous four-wave mixing, including nonlinear phase-
modulation and a finite material response time. For the case of a silica fiber, it is found that the
pair-production rate depends weakly on the waveguide temperature, due to higher-order Raman
scattering events, and more strongly on pump-pair frequency detuning. From the analytical model,
a numerical scheme is derived, based on the well-known split-step method. This scheme allows
computation of joint states where nontrivial effects are included, such as group-velocity dispersion
and Raman scattering. In this work, the numerical model is used to study the impact of the non-
instantaneous response on the pre-filtering purity of heralded single photons. We find that for pump
pulses shorter than 1 ps, a significant detuning-dependent change in quantum-mechanical purity may
be observed in silica. This shows that Raman scattering not only introduces noise, but can also
drastically change the spectral correlations in photon pairs when pumped with short pulses.
I. INTRODUCTION
Preparation and distribution of single-photon states
is vital to many emerging quantum technologies such
as quantum communication [1–3], quantum cryptogra-
phy [4, 5] and linear optical quantum computation [6, 7].
A promising way to prepare single photons is by nonlin-
ear optical processes that generate photon pairs such as
spontaneous parametric down conversion [8–10] or spon-
taneous four-wave mixing (SpFWM) in e.g. dispersion-
shifted fibers [11], photonic crystal fibers [12–14] or sil-
icon waveguides [15, 16]. Even though such nonlin-
ear pair-production processes are inherently probabilis-
tic, this can in many cases be compensated for by herald-
ing [17, 18], whereby detection of one photon in the pair
implies the existence of the other. If reliable photon pro-
duction is required, near-determistic behaviour can in
principle be achieved by multiplexing of such heralded
probabilistic sources [19–21],
SpFWM processes posses a large number of tunable pa-
rameters, allowing great flexibility in the choice of single-
photon wavelengths as well as the temporal and spectral
properties of generated photon pairs [22]. Importantly,
this allows single photons to be generated at communi-
cation wavelengths and in fiber, compatible with conven-
tional communication systems [23]. This results in small
losses, which is ideal for quantum communication pur-
poses. The flexible nature of SpFWM can also be used
to generate heralded single photons with a high quantum-
mechanical purity [24], without the use of extensive fil-
tering [25–27]. This property is crucial for applications
in linear optical quantum computing based on photon
interference [28], which relies on photon indistiguishabil-
ity [29, 30]. The use of non-degenerate pulsed pumps
offers even greater flexibility and has been proposed for
generating photons of very high pre-filtering purity [31].
∗ jgko@fotonik.dtu.dk
It is well known that spontaneous Raman scatter-
ing (SpRS) represents a significant noise source in
many experimental realizations of photon-pair genera-
tion through SpFWM [32]. For this reason there have
been several studies, using the Heisenberg picture, con-
sidering the impact of Raman noise on photon statistics
for a continuous or narrowband pump and narrow spec-
tral filtering in the context of SpFWM [33–37]. However,
pulsed pumping is of significant practical interest, due to
better noise performance [38] and the ability to multiplex
several sources [21]. Additionally, most schemes for pro-
ducing unfiltered pure heralded photons rely critically on
the use of broadband pumps [22, 24]. In the case of pho-
tonic crystal fibers, which has been one of the primary
platforms for demonstration of pure single-photon gener-
ation [14, 39], it is desirable to use short pump pulses and
shorter fiber lengths to reduce the impact of fabrication
imperfections along the fiber length [40]. However, little
attention has been devoted to study the impact on tem-
poral and spectral correlations of generated photon-pairs
under a non-instantaneous nonlinear material response,
which may become important for short pump pulses.
In this work, we adopt an interaction picture formal-
ism to study the impact of photon-phonon interactions
on the spectral and temporal joint state of photon pairs
generated through SpFWM. We present a general ana-
lytic pulsed-source model, including a non-instantaneous
nonlinear response as well as nonlinear phase modulation
(NPM). We use the model to characterize source perfor-
mance by investigating the pre-filtering photon statistics
and two-photon joint amplitude. We also present a nu-
merical split-step scheme for efficiently computing the
joint state. The numerical model provides a strong and
versatile tool for simulation of realistic systems, incorpo-
rating all effects of interest that cannot simultaneously
be included in analytical models, such as nonlinear phase
modulation, higher-order dispersion and Raman scatter-
ing. The numerical model is easily generalized to include
additional effects that may be desired, as well as to non-
degenerate pulsed setups.
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2II. THEORY
We consider a SpFWM process in which a pump
field, denoted by subscript p, propagates through a χ(3)-
nonlinear medium. In the nonlinear SpFWM process,
two pump photons may then be spontaneously annihi-
lated to create a signal (s) and an idler (r) photon. The
central frequencies, ωs0 and ωr0, of the created photon
pair are determined by energy and momentum conserva-
tion such that
2ωp0 − ωs0 − ωr0 = 0, (1a)
2βp0 − βs0 − βr0 = 0, (1b)
where βj0 for j = p, s, r is the propagation constant
at the central frequency ωj0. Due to nonlinear phase-
modulation, which is included in this analysis, the cen-
tral frequencies of the generated field are slightly different
from ω0s and ω0r. The pump field is decomposed as
Ep =
1
2
eF (x, y)
√
2
np0c
[
Ap(z, t)e
i(β0pz−ω0pt) + c.c.
]
.
(2)
Here, F (x, y) describes the mode-profile, normalized such
that the integral of |F (x, y)|2 is unity over the waveguide
cross-section and np = n(ω0p) is the refractive index at
the pump wavelength. In this normalization, |Ap|2 repre-
sents optical power. The signal and idler fields are quan-
tized in the following way:
Eˆj(z, t) =
1
2
eF (x, y)ei(βj0z−ωj0t)
1
2pi
(3)
×
∫
dω
√
2h¯(ωj0 + ω)
n(ωj0 + ω)0c
aˆj(z, ω)e
−iωt + h.c.,
where j = s, r and aˆj(z, ω) (aˆ
†
j(z, ω)) is the annihilation
(creation) operator for field j at the frequency ω, which is
relative to the central frequency of the field. We have as-
sumed that all fields are in the same spatial mode in the
waveguide although the theory could be easily extended
to multiple spatial modes. If the field is spectrally narrow
compared to the central frequency ωj0, that is |ω|  ωj0
for the frequency range of interest, the prefactor on the
field operator inside the integral is approximately con-
stant such that
Eˆj(z, t) =
1
2
eF (x, y)ei(βj0z−ωj0t)
√
2h¯ωj0
nj0c
aˆj(z, t) + h.c.,
(4)
for j = s, r, where aˆj(z, t) is the field operator for field j,
which is the inverse Fourier transform of the annihilation
operator. The operator fields satisfy the equal position
commutation relations
[aˆi(z, t), aˆ
†
j(z, t
′)] = δijδ(t− t′), i, j = s, r, (5a)
[aˆi(z, t), aˆj(z, t
′)] = 0, i, j = s, r. (5b)
We describe the system by the following interaction
Hamiltonian governing spatial evolution, derived in Ap-
pendix A:
Hˆint(z) =
√
γsγr
∫ ∞
−∞
dt1
∫ ∞
−∞
dt2R(t1 − t2)
×Ap(z, t1)Ap(z, t2)aˆ†s(z, t1)aˆ†r(z, t2)e−iΩ(t1−t2)
+
∫ ∞
−∞
dtAp(z, t)mˆ(z, t) (6)
×
[√
γsaˆ
†
s(z, t)e
−iΩt +
√
γraˆ
†
r(z, t)e
iΩt
]
+ h.c.
Here, L is the waveguide length, mˆ(z, t) is a noise op-
erator representing the phonon-field, Ω = ωr0 − ωp0 =
−(ωs0 − ωp0) is the frequency detuning, and γj is the
nonlinear coefficient, given by Eq. (A20). The function
R(t) governs the temporal separation of creation events
and is given by
R(t) = 1
2
[R(t) +R(−t)] . (7)
where the response function
R(t) = (1− fR)δ(t) + fRhR(t), (8)
has a fraction fR from the phononic contribution to the
nonlinearity and hR(t) is the Raman response. The noise
operator mˆ(z, t) describes the coupling to the phononic
noise background. The noise operator correlations in the
time domain are derived in Appendix B and found to be
of the form
〈mˆ(z1, t1)mˆ(z2, t2)〉 = δ(z1 − z2)F(t1 − t2), (9)
where the function F(t) determines the lifetime of
phonon excitations. The photon-state after propagation
through a waveguide of length L can now be expressed
through an evolution operator Uˆ
|ψ(L)〉 = Uˆ(0, L) |vac〉 = exp
(
i
∫ L
0
dzHˆint(z)
)
|vac〉 .
(10)
We assume in the following that time-ordering correc-
tions [41] can be neglected, which is a good approxi-
mation in the low gain regime [42], and expand the ex-
ponential in a simple Taylor series by keeping all terms
where two or fewer signal/idler photons are created, or
equivalently to first order in the nonlinear phase shift
φNL = γPpL. Suppressing the integral limit for conve-
nience, with the understanding that space integrals are
from 0 to L and time integrals over all time, this gives
the expansion
3Uˆ(0, L) = I
+ i
√
γsγr
∫∫∫
dz1 dt1 dt2R(t1 − t2)Ap(z1, t1)Ap(z1, t2)aˆ†s(z1, t1)aˆ†r(z1, t2)e−iΩ(t1−t2)
+ i
∫∫
dz1 dt1Ap(z1, t1)mˆ(z1, t1)
[√
γsaˆ
†
s(z1, t1)e
−iΩt1 +
√
γraˆ
†
r(z1, t1)e
iΩt1
]
− 1
2
∫∫∫∫
dz1 dz2 dt1 dt2Ap(z1, t1)Ap(z2, t2)mˆ(z1, t1)mˆ(z2, t2) (11)
×
[
γsaˆ
†
s(z1, t1)aˆ
†
s(z2, t2)e
−iΩ(t1+t2) + γraˆ†r(z1, t1)aˆ
†
r(z2, t2)e
iΩ(t1+t2)
+
√
γsγraˆ
†
s(z1, t1)aˆ
†
r(z2, t2)e
−iΩ(t1−t2) +
√
γsγraˆ
†
r(z1, t1)aˆ
†
s(z2, t2)e
iΩ(t1−t2)
]
+ (terms with annihilation operators) +O(φ3/2NL ).
The first term gives the vacuum state and the second
term describes photon pairs produced by time-delayed
SpFWM. The third term describes single photons gen-
erated by SpRS through either a Stokes or anti-Stokes
scattering process. Feynman diagrams representing such
events are shown in Figs. 1(a)-(b). The remaining terms
ω
Ω
ω −
Ω
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ωΩ
ω
+
Ω
(b) (c)
Ω
ω 1
ω
2
ω
1 −
Ω ω 2
+
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e
FIG. 1. Feynman diagrams where wavy lines represent pho-
tons and dashed lines represent phonon excitations. (a)
Stokes scattering where a photon is scattered into a lower
energy photon while creating a phonon. (b) Anti-stokes scat-
tering where a photon is scattered into a higher energy photon
while absorbing a phonon. (c) Higher-order diagram from
combination of (a) and (b) where a phonon mediates the
scattering of two incoming photons into two outgoing pho-
tons with one gaining and one losing energy corresponding to
the phonon mode.
describe higher-order phonon scattering events, which are
combinations of the fundamental Stokes and anti-Stokes
diagrams. These include both the trivial (and expected)
unconnected combinations, which describe two indepen-
dent Raman scattering events taking place at different
positions in the waveguide.
A more interesting higher-order diagram is the one shown
in Fig. 1(c) where two incoming photons are scattered on
a single phonon-mode (at a single waveguide position).
Such events can happen in two ways: In the first way,
the first photon creates a (virtual) phonon with a sec-
ond photon subsequently annihilating it, with probability
proportional to 1 + nth since such an interaction is pos-
sible with both the phononic ground states and excited
states. In the second way, the first photon annihilates
an existing phonon, with a second photon subsequently
recreating it, with probability proportional to nth, since
a thermally excited phonon has to be present prior to
this interaction. These events are parametric and pho-
ton pairs created in this way are correlated similarly to
the regular SpFWM pairs and thus they give a contri-
bution to the two-photon state. Independently created
Raman photons, do not contribute to the joint state since
they are completely uncorrelated in their number distri-
bution. They do in this sense not constitute a photon
pair.
When neglecting group-velocity dispersion, the pump
envelope Ap(z, t), which is treated classically and as-
sumed undepleted, evolves only under SPM [43]:
∂zAp(z, t) = iγpAp(z, t)
∫ t
−∞
dt′R(t− t′)|Ap(z, t′)|2,
(12)
where we carry out all calculations in the reference frame
of the pump. The solution to this is equation is
Ap(z, t) = Ap(0, t) exp [iθp(z, t)] , (13a)
θp(z, t) = γpz
∫ ∞
0
dt′R(t′)|Ap(0, t− t′)|2. (13b)
We work in the interaction picture of quantum mechan-
ics where the spontaneous scattering effects are applied
to the two-photon state and the evolution of the field
operators is governed only by XPM [43]:
∂zaˆj(z, t) + β1j∂taˆj(z, t) = 2iγj aˆj(z, t) (14)
×
∫ t
−∞
dt′R(t− t′)|Ap(z, t′)|2, j = s, r,
where group-velocity dispersion has been neglected.
Since we are in the pump-reference frame, β1 is the group-
slowness relative to the pump. This equation has the
4solution
aˆj(z, t) = aˆj(0, t− β1jz)eiθj(z,t), j = s, r (15a)
θj(z, t) =
2γj
β1j
∫ t
t−β1jz
dt′
∫ t′
−∞
dt′′R(t′ − t′′)|Ap(0, t′′)|2,
(15b)
which is easily verified by insertion into Eq. (14). The
first integral is due to the walk-off between the pump
and the quantum field [31, 44], while the second term
describes the effect of the delayed nonlinear interaction.
A. Joint amplitude for photon pairs
A convenient way to analyze the state of the generated
photon pairs is through consideration of the joint tem-
poral amplitude (JTA) A(ts, tr), defined such that the
two-photon part of the state may be written as [44]
|ψ〉 =
∫
dts
∫
dtrA(ts, tr)aˆ†s(ts)aˆ†r(tr) |vac〉 . (16)
The JTA thus describes the joint distribution of tempo-
ral states contained in the two-photon state and it holds
information about the temporal correlations of the gener-
ated photon pairs. The probability of generating a pho-
ton pair in a single pump pulse is
Rpair =
∫
dts
∫
dtr|A(ts, tr)|2. (17)
The joint spectral amplitude (JSA) is often considered
instead of the JTA and is the 2D Fourier transform of
the JTA
A(ωs, ωi) =
∫
dts
∫
dtrA(ts, tr)ei(ωsts+ωrtr). (18)
The unfiltered purity of the heralded photon is deter-
mined by the factorability of the JTA or JSA. This is
determined by a Schmidt decomposition of the JTA of
the form
A(ts, tr) =
∑
n
λnfn(ts)gn(ti), (19)
where fn and gn are Schmidt modes, with the purity
being given by [45]
P =
∑
n
|λn|4
/(∑
n
|λn|2
)2
. (20)
Note that this is only a measure of the degree of the
spectral and temporal entanglement of generated pho-
ton pairs and not the reduction in state purity result-
ing from Raman contamination. This is more conve-
niently expressed through other figures of merit, such
as the coincidence-to-accidental ratio. Proposed schemes
for linear optical quantum computation relies on interfer-
ence between photons from different pairs [28], which is
limited by state purity [30], making purity an important
property for single-photon sources.
B. Joint amplitude with a non-instantaneous
material response
For the problem under consideration here, we may cal-
culate the JTA from the evolution operator Eq. (11) as
A(ts, tr) =
〈
aˆs(L, ts)aˆr(L, tr)Uˆ(0, L)
〉
. (21)
Only the three terms in Uˆ(0, L) with exactly one signal
and one idler creation operator contribute to the JTA.
Perfoming the calculation (see Appendix C), we obtain
the JTA
A(ts, tr) = i√γsγr
∫ L
0
dzW(τs − τr)Ap(0, τs)Ap(0, τr)
× exp[iΦ(z, ts, tr)], (22)
where we have introduced the function W(t), which has
the spectral form
W(ω) = 1− fR + fRχ′R(Ω− ω)
+ ifR [2nth(|Ω− ω|) + 1]χ′′R(|Ω− ω|). (23)
Here, the Raman susceptibility χR(ω) is the Fourier
transform of the Raman response function hR(t), with
χ′R(ω) and χ
′′
R(ω) being its real and imaginary part, re-
spectively. The function W(t) determines the temporal
separation of the position-dependent creation times, de-
fined by
τj(z) = tj − β1j(L− z), j = s, r. (24)
These may be interpreted as the creation time of the sig-
nal and idler photons, respectively, created at the posi-
tion z and then detected later at times ts and tr, depend-
ing on their propagation speed. The phase Φ(z, ts, tr) has
the form
Φ(z, ts, tr) = θp(z, τs) + θp(z, τr) + θs(L, ts)− θs(z, τs)
+ θr(L, tr)− θr(z, τr), (25)
which has a contribution from accumulated SPM of the
pump up till the two creation times τs and τr as well
as XPM of the produced pair, from the pump, since the
time of creation. The phases are given in Eqs. (13b) and
(15b).
The expression Eq. (22) is a very general expression for
the JTA in the degenerately pumped scheme, but the
integral is fairly intractable. Simpler expressions can be
obtained in the limit where the pump pulse is temporally
much longer than the time-scale of the function W(t),
defined in Eq. (23). In this case, we may retain only the
DC component and approximate W(t) = W(ω = 0)δ(t),
in which case the creation times coincide: τs = τr = tc
and the JTA takes the simpler form
Along(ts, tr) =
i
√
γsγr
|β1s − β1r|A
2
p(0, tc)
{
1− fR + fRχ′R(Ω)
+ ifRχ
′′
R(Ω)[2nth(Ω) + 1]
}
× exp(iΦ(ts, tr))Θ(zc)Θ(L− zc), (26)
5where Θ is the Heaviside step function and the collision
coordinates are defined to be
zc = L− ts − tr
β1s − β1r , tc =
β1str − β1rts
β1s − β1r . (27)
These coordinates may be interpreted as the time of cre-
ation tc of the photon pair, which in this limit is produced
simultaneously, at the waveguide position zc. The phase
reduces to
Φ(ts, tr) = 2γpzc|Ap(0, tc)|2 + 2γs
β1s
∫ ts
tc
dt′|Ap(t′)|2
+
2γr
β1r
∫ tr
tc
dt′|Ap(t′)|2. (28)
In the case fR = 0, with no phononic contribution to
the nonlinearity, the JTA Eq. (26) reduces to a previ-
ously known result [44]. The main feature of this ex-
pression compared to previous work is the dependence of
the overall amplitude on the frequency separation Ω and
the waveguide temperature T , through its impact on the
phonon population.
C. Photon statistics in the long-pulse limit
The pre-filtering probability Rpair of generating a pair,
is found by integration, which is most easily performed
by a change of variables (ts, tr) → (tc, zc), resulting in a
Jacobian of |β1s−β1r|. Performing the integration yields
Rpair =
γsγrL
∫
dt|Ap(0, t)|4
|β1s − β1r|
{
[1− fR + fRχ′R(Ω)]2
+ f2Rχ
′′
R(Ω)
2[2nth(Ω) + 1]
2
}
. (29)
This result is clearly unphysical in the limit β1s = β1r.
This is due to the fact that, when higher-order dispersion
is neglected, phase-matching is achieved at all frequen-
cies in this limit. Without filtering, this results in an
unbounded generation rate (limited only by pump deple-
tion which is also neglected here). For a silica fiber, the
Raman response is well-represented by a superposition
of 13 simple oscillators [46]. This model is used exclu-
sively in this work. We plot Rpair/R0 where R0 is the
number of produced pairs with a purely electronic re-
sponse, fR = 0. This plot is shown in Fig. 2 for four
different waveguide temperatures (liquid helium, liquid
nitrogen, dry ice and room temperature). The figure
shows that, while detuning the signal/idler beyond the
Raman spectrum significantly reduces Raman noise, it
can also decrease pair-production efficiency to less than
half of its maximum value, and with a far detuning limit
of (1 − fR)2 ≈ 0.67. The temperature dependence of
the pair production is seen to be fairly small and cooling
the fiber with dry ice (195 K), liquid nitrogen (77 K) or
liquid helium (4 K), in order to eliminate noise from sin-
gle Raman photons, does not significantly decrease the
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FIG. 2. The generation probability of photon pairs, normal-
ized to the case of fR = 0, as a function of linear frequency
detuning. The wavelength axis is shown for a 1550 nm pump.
The dashed line marks r = 1.
pair-production probability. This is because the FWM-
efficiency is dominated by the behavior of the real part
of the Raman susceptibility. In other waveguides con-
structed from different materials, the phononic contribu-
tion may be larger than in silica and this effect could be
more significant and relevant even for longer pulses.
The ratio of produced photon pairs to the number of
produced single SpRS photons within ∆ω of the signal
wavelength is given by C(ω) = Rpair(ω)/RR(ω). The
generation probability RR(ω) of single Raman photons
is given by Eq. (D2) in Appendix D:
RR(ω) =
1
pi
γ(ω)fREp∆ωχ
′′
R(|ω|)[nth(|ω|) + Θ(−ω)]L,
(30)
where Ep is the pump pulse energy. This ratio is shown
in Fig. 3 in units of
C0 = piγ
∆ωEp|β1s − β1r|
∫
dt|Ap(0, t)|4. (31)
On the anti-Stokes side of the pump (negative frequen-
cies) a strong temperature dependence is present, while
on the Stokes side (positive frequencies) a temperature-
dependence is only seen for low pump-idler frequency
separations. This temperature-dependence is the rea-
son waveguide cooling is often used to suppress SpRS-
noise in degenerate copolarized SpFWM when SpFWM
occurs within tens of nanometers of the pump [47]. As
expected, the Raman resonance peak should be avoided
to maximize the ratio of pairs to single photons. Because
the FWM efficiency drops for large detunings, since the
phononic contribution vanishes, a larger detuning is nec-
essary to achieve a better value of C(ω, T ) than expected
by simply looking at the Raman gain spectrum.
Lastly, Fig. 4 shows the coincidence-to-accidental ratio
of photon pairs, given by
CAR =
Rpair
[Rpair +RR(Ω)][Rpair +RR(−Ω)] , (32)
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FIG. 3. The value of C(ω, T ) as a function of linear frequency
detuning for three different temperatures with a pump posi-
tioned at ω = 0 or λ = 1550 nm. The dashed line represents
the Raman susceptibility.
where the detector dark-count accidents have been ne-
glected. The CAR is shown for a Gaussian pump-input
Ap(0, t) =
√
Pp exp(−t2/2T 2p ) with a pulse duration of
Tp = 1 ps and a peak power such that the genera-
tion probability is fixed at Rpair = 0.001 and a ∆ω
corresponding to 1 nm at the pump wavelength. For
the nonlinearities we use a silica fiber example with
γ = 2.0 W−1 km−1 and the Raman response for silica.
We note that, as is a well-known experimental fact [38],
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FIG. 4. The coincidence-to-accidental ratio of a pair-source
based on degenerate SpFWM as a function of linear frequency
detuning. The wavelength axis assumes a 1550 nm pump
wavelength.
the CAR can be significantly increased close to the pump
by cooling a silica waveguide, with cooling to T = 4 K
getting very close to the multi-pair limit CAR = 1/Rpair
(neglecting dark counts). At larger frequency separations
the impact on the CAR is much less significant due to the
temperature-independent component of the Stokes scat-
tering. Lastly, we note that this model can, in a straight-
forward way, be extended to dual pump configurations,
by selecting the appropriate response functions for the
various interactions in the evolution operator.
III. NUMERICAL MODEL
A. Split-step scheme for the joint amplitude
In this section we describe a numerical scheme for prop-
agating the joint state of a photon pair through a waveg-
uide. It is based on the same idea as the well-known
split-step scheme [43], which has previously been used to
propagate joint states [44]. We here present a very gen-
erally applicable scheme which can be used for modelling
a wide variety of systems. The spatio-temporal evolution
of the JTA satisfies an operator differential equation of
the form
dA(z)
dz
= fˆ(z)A(z) + gˆ(z), (33a)
A(0) = 0, (33b)
where fˆ represents phase-modulating and dispersive ef-
fects (linear and nonlinear) and gˆ represents spontaneous
scattering effects. The nonlinear (phase-modulating) ef-
fects have an exact solution in the time domain, while
the linear (dispersive) effects have an exact solution in
the frequency-domain. The spontaneous step can be
solved exactly in both domains. To develop the split-step
scheme, we note that Eq. (33a) has the formal solution
A(z + h) = exp
(∫ z+h
z
dz′fˆ(z′)
)[
A(z) (34)
+
∫ z+h
z
dz′ exp
(
−
∫ z′
z
dz′′fˆ(z′′)
)
gˆ(z′)
]
.
Invoking the trapezoidal rule to approximate the second
integral gives
A(z + h) = h
2
gˆ(z + h) + exp
(∫ z+h
z
dz′fˆ(z′)
)
×
[
h
2
gˆ(z) +A(z)
]
+O(h3). (35)
This shows that a split-step scheme with a local step-
error of order h3 can be constructed by applying half
a step of the spontaneous emission effects at position
z, then apply the usual split-step operations of phase-
modulation and dispersion and then the second half of
the spontaneous emission at position z + h. The linear
and nonlinear operation should be applied symmetrically,
i.e. half a linear step, followed by a full nonlinear step
and ended with another linear half-step. Thus, to have a
O(h3) split-step scheme, the application of steps should
follow the structure illustrated in Fig. 5.
7Spontaneous scattering
Linear effects
Nonlinear effects
1© 2© 3©
FIG. 5. Application of steps in the developed O(h3) split-
step scheme with color indicating the type of effect. The
dashed arrows indicate the order in which the steps should be
applied. The numbers indicate 1© the initialization part, 2©
the repeating part and 3© the final part.
Compared to a naive application of sequentially full
steps, which gives an error of O(h2), only the linear step,
which is the least computationally expensive, needs to
be applied twice as many times. Thus, using the order
of applications of steps as depicted in Fig. 5, gives an
improvement in computation speed for a given required
accuracy.
By using Eq. (21), the spatial evolution of the JTA is
given by
∂A(z, ts, tr)
∂z
=
〈
aˆs(z, ts)aˆr(z, tr)
dUˆ(0, z)
dz
〉
+
〈
∂[aˆs(z, ts)aˆr(z, tr)]
∂z
Uˆ
〉
. (36)
The first term in Eq. (36) describes spontaneous scat-
tering and is independent of A. It is evaluated simi-
larly to the calculation in Appendix C. The second term
describes dispersive and phase-modulating effects and is
proportional to A. It is evaluated using the evolution
equation of the fields under both group-velocity disper-
sion and phase-modulation. This results in the following
evolution equations involving both the JTA and the JSA:
(
dA
dz
)
Sp
= i
√
γsγr
∫ ∞
−∞
dωW(ω)
×Ap(z, ωs + ω)Ap(z, ωr − ω) (37a)(
dA
dz
)
L
= i
( ∞∑
n=1
βns
ωns
n!
+
∞∑
n=1
βnr
ωnr
n!
)
A(z, ωs, ωr),
(37b)(
dA
dz
)
NL
= 2iA(z, ts, tr)
∫ ∞
0
dt′R(t′) (37c)
× (γs|Ap(z, ts − t′)|2 + γr|Ap(z, tr − t′)|2),
where the 2D Fourier transform used to go from a tem-
poral to a spectral description is given by Eq. (18) and
we have suppressed the temporal/spectral dependence
of the JTA/JSA. Solving these equations and invoking
the trapezoidal rule, consistent with our O(h3)-scheme,
yields the following steps:
(SpS) A(z + h, ωs, ωr) = A(z, ωs, ωr) + ih
2
√
γsγr
∫ ∞
−∞
dωW(ω)
[
Ap(z, ωs + ω)Ap(z, ωr − ω) (38a)
+Ap(z + h, ωs + ω)Ap(z + h, ωr − ω)
]
+O(h3)
(linear) A(z + h, ωs, ωr) = A(z, ωs, ωr) exp
[
i
( ∞∑
n=1
βns
ωns
n!
+
∞∑
n=1
βnr
ωnr
n!
)
h
]
, (38b)
(nonlinear) A(z + h, ts, tr) = A(z, ts, tr) exp
[
ih
∫ ∞
0
dt′R(t′)
(
γs|Ap(z, ts − t′)|2 (38c)
+ γr|Ap(z, tr − t′)|2 + γs|Ap(z + h, ts − t′)|2 + γr|Ap(z + h, tr − t′)|2
)]
+O(h3).
Since knowledge of the pump field at z + h is required
for two of the steps, the pump field must be kept one
step ahead of the JTA by a regular split-step method,
based on the pump-evolution equation. The time in-
tegral in the nonlinear step can be carried out as a
convolution between the pump envelope and the time-
response R(t) while the frequency-integral in the spon-
taneous scattering-step can be calculated as a 2D convo-
lution between f(ω1, ω2) = Ap(z, ω1)Ap(z, ω2) + Ap(z +
h, ω1)Ap(z + h, ω2) and g(ω1, ω2) = δ(ω1 + ω2)W(ω1). If
it is known that the Raman response function can be ne-
glected, one can simply setW(ω) = 1 (before the Raman
peak) or W(ω) = 1 − fR (after the Raman peak) and
R(t) = δ(t).
Extending these equations to the non-degenerate case
with two pumps labelled by p and q is straight-forward:
The spontaneous step gets two contributions of the type
ApAq with their arguments switched and weighted by
appropriate response functions, depending on the polar-
ization of pumps and generated fields. The linear step is
unchanged and the nonlinear step should include the rel-
evant phase-modulating effects, again depending on rel-
8ative polarizations.
B. Numerical results on the impact of Raman
scattering on photon purity
The generality of the numerical model allows for anal-
ysis of the joint state of photon pairs generated in any
SpFWM process with knowledge of the nonlinear re-
sponse of the material. One feature which has not
previously been considered is the impact of the slower
phononic response compared to the nearly instantaneous
electronic response in silica fibers. For short pump pulses
we would expect this to have an impact on the state of
generated pairs. We consider a Gaussian pump input of
the form
Ap(0, t) =
√
Pp exp
(
− t
2
2T 2p
)
, (39)
and the symmetric scheme for producing single photons
of high pre-filtering purity [48]. In this scheme, the
waveguide is designed so that β1s = −β1r and the waveg-
uide length L chosen to maximize purity. For simplicity,
we again use the parameters for a simple silica fiber.
To show the physical impact of the finite response time
on the JTA, consider Fig. 6(a)-(b) with respectively
fR = 0 and fR = 1, for illustrative purposes. Both fig-
ures are for a short pump pulse of duration Tp = 0.1 ps
and with |β1sL/Tp| = 2, resulting in nearly maximal pu-
rity for this scheme, with an angular frequency detuning
of Ω = 60 × 1012 s−1 (corresponding to 9.5 THz). The
JTA in the case fR = 0 has the characteristic hard edges
which manifests as the ripples at the sides of the main
peak in the JSA. These hard edges correspond to perfect
temporal information about the heralded photon after
detecting a herald produced at either fiber end. Hence,
these edges, or the corresponding ripples in the JSA, are
a source of correlation in the photon pair, leading to a
purity of P = 0.81. The purity can be increased by spec-
tral filtering, but avoiding filtering, especially near the
single-photon wavelengths, is desirable to achieve higher
brightness and lower error-rates.
The JTA in the case fR = 1 has much smoother edges,
and hence less pronounced ripples in the JSA, compared
to the instantaneous response case. When the finite
phononic contribution is included, exact temporal infor-
mation from the fiber ends are no longer obtained by
detection of the herald, since the heralded photon could
have been produced both temporally earlier or later than
the herald. This reduces correlation and leads to a higher
pre-filtering purity of P = 0.85. The purities are deter-
mined with a singular-value decomposition in Matlab.
The two edges in the phonon-dominated JTA look differ-
ent with the one from the beginning of the fiber (lower
right edge) varying faster then the one corresponding to
the end of the fiber (upper left edge). This is caused by
interference due to the spectral shape of the Raman re-
sponse: The functionW(t) has a faster varying phase for
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FIG. 6. The absolute of the joint temporal amplitude with (a)
a pure electronic response and (b) a pure phononic response.
The absolute value of the joint spectral amplitude with (c) a
pure electronic response and (d) a pure phononic response.
t > 0 than for t < 0 yielding more averaging for cases
where a low-frequency photon (a signal photon in this
case) is produced first. This causes the ripples at the be-
ginning of the fiber (which are caused for signal photons
being produced first) to be less pronounced.
Figure 7 shows the heralded pre-filtering purity as a
function of frequency separation for a silica fiber with
fR = 0.18, with four different pump pulse durations in
the low pair-production regime. We see a frequency-
dependence of the purity which can be quite significant
for short pump pulses for certain frequency separations.
The frequency-dependence shows some similarity to the
real part of the Raman susceptibility since its magni-
tude largely determines the relative contribution to pair-
generation from phonons. Interestingly, the resulting
change in purity can be both positive and negative com-
pared to the case without any phononic contribution,
with a very significant decrease in purity just beyond
the Raman peak. This is likely caused by the more rapid
oscillations of the Raman response introducing correla-
tions and counteracting the beneficial contribution from
the smoothening.
IV. CONCLUSION
We have developed a mathematical model for the state
of photon pairs generated by spontaneous four-wave mix-
ing in the case of a pulsed pump, which includes the full,
time-dependent, nonlinear response. Closed form expres-
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FIG. 7. The purity of the heralded single-photon as a function
of the linear frequency detuning for different pump durations.
The wavelength axis assumes a pump wavelength of 1550 nm.
The inset shows the real part of the Raman susceptibility for
reference.
sions were found in the long pulse limit for the joint am-
plitude and the generation probability of photon pairs,
depending on the frequency separations in the setup and
the waveguide temperature. It was found that higher-
order Raman scattering events gives the pair-production
process a temperature dependence and that, according to
the model, for a silica fiber, generation rates depend only
weakly on waveguide temperature. The pair-generation
probability was however found to depend strongly on fre-
quency separation, with less than half of the expected
probability from a purely electronic analysis, for some
detunings.
In addition, we presented a numerical, symmetrical
split-step scheme, to propagate the photon-pair state
along the waveguide, where all effects, such as higher-
order dispersion, nonlinear phase modulation and a non-
instantaneous response can be included at once. This
model was used to demonstrate the impact of the fi-
nite phononic response time on the purity of heralded
single photons produced in a silica fiber, and a signifi-
cant effect was observed for pulse durations shorter than
roughly 1 ps (2.4 ps FWHM) for frequency detunings
less than 30 THz. This proves that in addition to noise
contamination, Raman scattering can alter the spectral
correlations of generated photon pairs. In this work, the
numerical model was used to study the impact of a non-
instantaneous nonlinear response, but it has general ap-
plications in modelling of realistic systems and may be
of help in designing such realistic systems, by including
all effects of interest and yielding a realistic prediction of
produced photon states.
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Appendix A: Hamiltonians
1. Electronic Hamiltonian
We take as our starting point the nonlinear interaction
energy [49]
Hˆ(e)int(t) = −
0χ
(3)
e
4
∫
d3r :|Eˆ|4:, (A1)
where χ
(3)
e is the part of the relevant component of the
nonlinear tensor that stems from electronic interactions,
which are assumed to be instantaneous. For simplicity,
we derive the Hamiltonians under the assumption that
all fields exist in a single spatial mode and that all fields
are at approximately the same frequency, such that we
take ωs0 ≈ ωp0 ≈ ωr0, in the sense that |ωs0−ωr0|  ωp0,
in all prefactors. We take Eˆ = Ep + Eˆs + Eˆr, with fields
given in Eqs. (2) and (4), repeated here for convenience
Eˆj(z, t) =
1
2
eF (x, y)ei(βj0−ωj0t)
√
2h¯ωp0
np0c
aˆj(z, t) + h.c.,
Ep(z, t) =
1
2
eF (x, y)
√
2
np0c
Ap(z, t)e
i(β0pz−ω0pt) + c.c.,
where Ap is a classical pump field with units
√
W and
aˆj , j = s, r, are quantum fields with units s
−1/2. For con-
venience, we suppress all integral limits in the following,
with the understanding that integrals over longitudinal
waveguide position are from 0 to L and time integrals
over all time. Inserting the total field into Eq. (A1),
gives
Hˆ(e)int(t) = −
3h¯ωp0χ
(3)
e
8c20n2pAeff
∫
dzA2p(z, t)aˆ
†
s,r(z, t)
2e2iθp
+ h.c., (A2)
where we introduced the total field operator
aˆs,r(z, t) = aˆs(z, t)e
iθs(z,t) + aˆr(z, t)e
iθr(z,t), (A3)
with θj(z, t) = β0jz − ω0jt and the effective area
Aeff =
(∫∫
dxdy|F (x, y)|4
)−1
. (A4)
Defining the electronic nonlinear parameter as [43]
γe =
3χ
(3)
e ωp0
40c2n2pAeff
, (A5)
allows us to write the Hamiltonian in the simpler form
Hˆ(e)int(t) = −
h¯γe
2
∫
dzA2p(z, t)aˆ
†(z, t)2e2iθp + h.c. (A6)
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2. Generalization to non-instantaneous response
We seek a Hamiltonian that generates the following
nonlinear Heisenberg equation for the slowly-varying field
envelope Aˆ(z, t) [33]
∂zAˆ(z, t) = iγAp(z, t)
∫
dt′R(t− t′)Ap(z, t′)Aˆ†(z, t′)
+ iMˆ(z, t)Ap(z, t), (A7)
where R(t) = (1 − fR)δ(t) + fRhR(t) is the nonlinear
response function with fR being the fraction of the non-
linear response from the phonons (the remaining coming
from the electrons) and hR(t) the normalized Raman re-
sponse. Note that the electronic nonlinear parameter is
thus γe = (1 − fR)γ, where γ is the total nonlinear pa-
rameter. The noise operator Mˆ is introduced in Sec. A 3.
In the frame moving along the pump at its group veloc-
ity we may change from a Hamiltonian governing time
evolution to a Hamiltonian governing spatial evolution,
such that the evolution operator is unchanged:
exp
(
− i
h¯
∫ ∞
−∞
dtHˆint(t)
)
= exp
(
i
∫ L
0
dzHˆint(z)
)
,
(A8)
where temporal evolution from a very early time, be-
fore the pulse enters the waveguide, to a very late time,
long after the pulse has left the waveguide, is replaced
by evolution of the pulse through the waveguide. Do-
ing this, we assume that time-ordering corrections can
be neglected [41], which is only valid in the low-gain
regime [42]. Thus, Eq. (A6) corresponds to
Hˆ
(e)
int (z) = −
γe
2
∫
dtA2p(z, t)
[
aˆ†(z, t) + aˆ(z, t)
]
× aˆ†(z, t) + h.c., (A9)
Note that this is strictly speaking a momentum operator
since it is a generator of spatial translations. We now
generalize this in a straight-forward way to include a non-
instantaneous response
Hˆ
(1)
int (z) =
γ
2
∫∫
dt1 dt2R(t2 − t1)Ap(z, t1)Ap(z, t2)
× (aˆ+ aˆ†)aˆ†(z, t) + h.c., (A10)
and show that this Hamiltonian generates the Heisen-
berg equations for the fields. To do this, introduce
fˆ = aˆ† + aˆ and note that [fˆ(z, t), fˆ(z, t′)] = 0 and
[fˆ(z, t), aˆ†(z, t′)] = 2δ(t − t′). Using this, we find the
Heisenberg equation of motion for the field:
∂z fˆ = i
[
fˆ(z, t), Hˆ
(1)
int (z)
]
(A11)
= iγ
∫
dt1R(t− t1)Ap(z, t1)Ap(z, t)
×
[
aˆs(z, t1)e
i(2θp−θs) + aˆ†s(z, t1)e
−i(2θp−θs)
+ aˆr(z, t1)e
i(2θp−θr) + aˆ†r(z, t1)e
−i(2θp−θr)
]
+ h.c. (A12)
As usual in this kind of equation we compare the phase-
matched terms to find the evolution of e.g. the signal
field:
∂zaˆs(z, t) = iγAp(z, t)
∫
dt′R(t− t′)Ap(z, t′)
× aˆ†r(z, t′)e−iΩ(t−t
′), (A13)
which indeed agrees with the Heisenberg equation Eq.
(A7). Within the slowly-varying envelope approxima-
tion, the Hamiltonian Eq. (A10) can, by expansion of
the field fˆ and exchange of t1 and t2 in one of the terms,
be written in the simpler form
Hˆ
(1)
int (z) = γ
∫∫
dt1 dt2R(t2 − t1)Ap(z, t1)Ap(z, t2)
× aˆ†s(z, t1)aˆ†r(z, t2)e−iΩ(t1−t2) + h.c.,
(A14)
where we introduced the function
R(t) = 1
2
[R(t) +R(−t)] , (A15)
that governs the temporal separation of pair-creation
events. This Hamiltonian has the desired properties of
being Hermitian, being symmetric in the signal and idler
fields and reducing to the purely electronic case in the
limit hR(t)→ δ(t), as it should.
3. Spontaneous Raman scattering
We use a standard model for the phonon interaction
and model the noise background as a continuum of inde-
pendent and localized harmonic oscillators, with weight
W (ω) [50]:
Mˆ(z, t) =
∫ ∞
0
dω
√
W (ω)
2pi
[
dˆ†ω(z)e
iωt + dˆω(z)e
−iωt
]
,
(A16)
where dˆ†ω(z) is the phonon creation operator at waveguide
position z and angular frequency ω. These are uncorre-
lated at different position, to represent local oscillatory
excitations, and normalized such that [dˆω(z), dˆ
†
ω′(z
′)] =
δ(ω−ω′)δ(z−z′). We only consider a material at thermal
equilibrium so that they have correlations〈
dˆ†ω′(z
′)dˆω(z)
〉
th
= nth(ω)δ(ω − ω′)δ(z − z′), (A17)
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where nth(ω) = [exp(h¯ω/kBT )− 1]−1 is the expected oc-
cupation number of states at frequency ω and waveguide
temperature T . The nonlinear response, given in Eq. (8),
has the spectral form R(ω) = 1−fR+fR[χ′R(ω)+iχ′′R(ω)].
The spectral density of phonon modes W (ω) can be
shown to be related to the imaginary part of the nonlinear
response by W (ω) = 4piIm{γR(ω)} = 4piγfRχ′′R(ω) [50].
The Hamiltonian generating the relevant evolution term
is easily identified as
Hˆ
(2)
int (z) =
∫
dtAp(z, t)Mˆ(z, t) (A18)
×
[
aˆ†s(z, t)e
−iΩt + aˆ†r(z, t)e
iΩt
]
+ h.c.
by checking that e.g. ∂zaˆs = i[aˆs, Hˆ
(2)
int ] = iMˆApe
−iΩt
where the oscillating exponential comes from the fre-
quency detuning between the pump and signal field since
these fields are spectrally centered around their respec-
tive central frequencies. For convenience, we introduce
the renormalized noise operator
mˆ(z, t) =
∫ ∞
0
dω
√
fRχ′′R(ω)
pi
[
dˆ†ω(z)e
iωt + dˆω(z)e
−iωt
]
.
(A19)
Introducing different nonlinear coefficients for the pump,
signal and idler fields, such that
γj =
3χ(3)ωj0
40c2npnjAeff
, j = p, s, r, (A20)
the full interaction Hamiltonian is straight-forwardly
generalized to
Hˆint(z) =
√
γsγr
∫ ∞
−∞
dt1
∫ ∞
−∞
dt2R(t1 − t2)
×Ap(z, t1)Ap(z, t2)aˆ†s(z, t1)aˆ†r(z, t2)e−iΩ(t1−t2)
+
∫ ∞
−∞
dtAp(z, t)mˆ(z, t) (A21)
×
[√
γsaˆ
†
s(z, t)e
−iΩt +
√
γraˆ
†
r(z, t)e
iΩt
]
+ h.c.,
where a single spatial mode is still assumed. This Hamil-
tonian describes the spatial photon-state evolution in the
interaction picture where the photon operators evolve un-
der the free part of the Hamiltonian governing dispersive
and phase-modulating effects, formulated in this work
through Heisenberg evolution equations.
Appendix B: Noise correlations
Using the definition Eq. (A19) of the noise operator
and the thermal correlation Eq. (A17) of the phonon
operators, the noise correlation functions are straight-
forward to calculate:
〈mˆ(z1, t1)mˆ(z2, t2)〉
=
fRγ
pi
∫ ∞
0
dω
∫ ∞
0
dω′
√
χ′′R(ω)χ
′′
R(ω
′)
×
[〈
dˆ†ω(z1)dˆω′(z2)
〉
th
ei(ωt1−ω
′t2)
+
〈
dˆω(z1)dˆ
†
ω′(z2)
〉
th
e−i(ωt1−ω
′t2)
]
(B1)
=
fRγ
pi
δ(z1 − z2)
∫ ∞
0
dωχ′′R(ω)
×
[
nth(ω)e
iω(t1−t2)
+ (nth(ω) + 1)e
−iω(t1−t2)
]
.
We see that this correlation function takes the form
〈mˆ(z1, t1)mˆ(z2, t2)〉 = δ(z1 − z2)F(t1 − t2), (B2)
where the function F(t) is much more neatly expressed
in the frequency domain as
F(ω) = 2fRχ′′R(|ω|) [nth(|ω|) + Θ(ω)] , (B3)
with a Fourier transform as used in Eq. (18). Here, Θ is
the Heaviside step-function.
Appendix C: Derivation of joint amplitude
According to Eq. (21), the joint temporal amplitude
can be calculated from the evolution operator, given in
Eq. (11), as
A(ts, tr) =
〈
aˆs(L, ts)aˆr(L, tr)Uˆ(0, L)
〉
, (C1)
and including the three contributing terms in Uˆ(0, L),
gives the expression
A(ts, tr) = i√γsγr
∫∫∫
dz dt1 dt2R(t1 − t2)
×Ap(z, t1)Ap(z, t2)e−iΩ(t1−t2)
× 〈aˆs(L, ts)aˆr(L, tr)aˆ†s(z, t1)aˆ†r(z, t2)〉
− 1
2
√
γsγr
∫∫∫∫
dz1 dz2 dt1 dt2 (C2)
×Ap(z1, t1)Ap(z2, t2) 〈mˆ(z1, t1)mˆ(z2, t2)〉
×
[ 〈
aˆs(z, ts)aˆr(z, tr)aˆ
†
s(z1, t1)aˆ
†
r(z2, t2)
〉
e−iΩ(t1−t2)
+
〈
aˆs(z, ts)aˆr(z, tr)aˆ
†
r(z1, t1)aˆ
†
s(z2, t2)
〉
eiΩ(t1−t2)
]
.
Carrying out one of the space-integrals in the second part
of Eq. (C2) by use of the delta-function in Eq. (B2),
and using the noise correlation Eq. (B2), we see that all
three terms in this expression are almost identical, and
by defining
W(t) = 1
2
{R(t) +R(−t) + i [F(t) + F(−t)]} e−iΩt,
(C3)
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we may combine them to
A(ts, tr) = i√γsγr
∫∫∫
dz dt1 dt2W(t1 − t2)
× 〈aˆs(L, ts)aˆr(L, tr)aˆ†s(z, t1)aˆ†r(z, t2)〉
×Ap(z, t1)Ap(z, t2). (C4)
Using Eq. (15a), we may evaluate the field correlations
as〈
aˆj(L, t)aˆ
†
j(z, t
′)
〉
=
〈
aˆj(0, t− β1jL)aˆ†j(0, t′ − β1jz)
〉
× ei[θj(L,t)−θj(z,t′)]
= δ(t− t′ − β1j(L− z)) (C5)
× ei[θj(L,t)−θj(z,t′)], j = s, r,
where the field phase is given by Eq. (15b). We can
use the two delta-functions from the field correlations to
carry out the two time integrals, with contributions at
t1 = τs and t2 = τr, being the solutions to the delta-
conditions
ts − t1 − β1s(L− z) = 0, (C6a)
tr − t2 − β1r(L− z) = 0. (C6b)
This gives the final solution
A(ts, tr) = i√γsγr
∫ L
0
dzW(τs − τr)Ap(0, τs)Ap(0, τr)
× exp[iΦ(z, ts, tr)], (C7)
where the pump phases are included in the overall phase-
factor given by
Φ(z, ts, tr) = θp(z, τr) + θp(z, τs) + θs(L, ts)− θs(z, τs)
+ θr(L, tr)− θr(z, τr)
= γpz
∫ ∞
0
dtR(t)|Ap(0, τr(z)− t)|2
+ γpz
∫ ∞
0
dtR(t)|Ap(0, τs(z)− t)|2
+
2γs
β1s
∫ ts
τs(z)
dt
∫ ∞
0
dt′R(t′)|Ap(t− t′)|2
+
2γr
β1r
∫ tr
τr(z)
dt
∫ ∞
0
dt′R(t′)|Ap(t− t′)|2,
(C8)
which describes pump self-phase accumulated until the
time of creation for both signal and idler as well as signal-
and idler pump cross-phase accumulated since creation to
the end of the waveguide. We note that
1
2
[R(ω) +R(−ω)] =
[
1− fR + fR
2
{χR(ω) + χR(−ω)}
]
= 1− fR + fRχ′R(ω), (C9)
and similarly for F(ω)
1
2
[F(ω) + F(−ω)] = fRχ′′R(|ω|)[2nth(|ω|) (C10)
+ Θ(ω) + Θ(−ω)]
= fRχ
′′
R(|ω|)[2nth(|ω|) + 1], (C11)
and conclude that the function W(t) has the Fourier
transform
W(ω) = 1− fR + fRχ′R(Ω− ω)
+ ifR[2nth(|Ω− ω|) + 1]χ′′R(|Ω− ω|). (C12)
It is thus not simply 1 − fR + fRχR as one might
naively expect. Since spontaneous Raman scattering
is involved through active interaction with the phonon
modes, the amplitude becomes temperature dependent
since the phonon bath is assumed in thermal equilibrium.
Appendix D: Rate of single Raman photons
Since Raman scattering events are not coherent, the
probability of such events cannot be computed like for the
joint amplitude by projecting the state onto a temporal
state basis. Instead we must consider the relevant term
in 〈ψ|ψ〉 =
〈
Uˆ†Uˆ
〉
with the evolution operator in Eq.
(11). For a single Raman scattering event this is
R = γsfR
∫∫∫∫
dz1 dz2 dt1 dt2A
∗
p(z1, t1)Ap(z2, t2)
× 〈mˆ(z1, t1)mˆ(z2, t2)〉
〈
aˆs(z1, t1)aˆ
†
s(z2, t2)
〉
.
Using Eq. (B2) for the noise correlation and the field
correlation Eq. (C5) gives
R = γsfR
∫∫∫∫
dz1 dz2 dt1 dt2A
∗
p(z1, t1)Ap(z2, t2)
× δ(z1 − z2)F(t1 − t2)
〈
aˆs(z1, t1)aˆ
†
s(z2, t2)
〉
= γsfR
∫∫∫
dz1 dt1 dt2A
∗
p(z1, t1))Ap(z1, t2)
×F(t1 − t2)δ(t1 − t2)
= γsfRF(0)
∫∫
dz1 dt1|Ap(z1, t1)|2.
The value of F(0) is the integral of its Fourier transform
in Eq. (B3) and recognizing the last integral as the to-
tal energy in a single pulse Ep (note that |Ap(z, t)| is
independent of z), gives
R =
1
pi
γsfREpL
∫
dωχ′′R(|ω|)[nth(|ω|+ Θ(−ω)]. (D1)
For narrow spectral filtering, compared to the Raman
spectrum, the probability of generating a Raman photon
at frequency ω is then
RR(ω) =
1
pi
γsfREp∆ωLχ
′′
R(|ω|)[nth(|ω|+ Θ(−ω)]. (D2)
13
which is a well-known result [51]. As is always the case
for SpRS, the probability of generating a photon on the
Stokes side (ω < 0) is larger than the probability of gen-
erating an anti-Stokes photon (ω > 0).
For complete consistency we ought to also include second-
order spontaneous Raman scattering events in the noise
flux as we did when calculating the joint amplitude.
There are fundamentally two types of contributions:
Two-photon scattering coherent contributions, similar to
the one that contributes to SpFWM, where the photons
are created at a single waveguide position and events
where two Raman photons are independently created at
different waveguide positions. Both of these types of
terms appear with two photons in either channel or one
in each. However, for simplicity we only include the dom-
inant term in this analysis.
[1] N. Gisin and R. Thew, Nat. Photonics 1, 165 (2007).
[2] S. Tanzilli, W. Tittel, M. Halder, O. Alibart, P. Baldi,
N. Gisin and H. Zbinden, Nature (London) 437, 116
(2005).
[3] H. J. Kimble, Nature (London) 453, 1023 (2008).
[4] A. K. Ekert, Phys. Rev. Lett. 67, 661 (1991).
[5] N. Gisin, G. Ribordy, W. Tittel, and H. Zbinden, Rev.
Mod. Phys. 74, 145 (2002).
[6] E. Knill, R. Laflamme, and G. J. Milburn, Nature (Lon-
don) 409, 46 (2001).
[7] T. D. Ladd, F. Jelezko, R. Laflamme, Y. Nakamura,
C. Monroe, and J. L. O’Brien, Nature (London) 464,
45 (2010).
[8] S. Tanzilli, H. D. Riedmatten, W. Tittel, H. Zbinden,
P. Baldi, M. D. Micheli, D. B. Ostrowsky, and N. Gisin,
Electron. Lett. 37, 26 (2001).
[9] K. Banaszek, A. B. U’Ren, and I. A. Walmsley, Opt. Lett.
26, 1367 (2001).
[10] A. B. U’Ren, C. Silberhorn, K. Banaszek, and I. A.
Walmsley, Phys. Rev. Lett. 93, 093601 (2004).
[11] X. Li, P. L. Voss, J. E. Sharping, and P. Kumar, Phys.
Rev. Lett. 94, 053601 (2005).
[12] J. E. Sharping, J. Chen, X. Li, P. Kumar, and R. S.
Windeler, Optics Express 12, 3086 (2004).
[13] J. Rarity, J. Fulconis, J. Duligall, W. J. Wadsworth, and
P. S. J. Russel, Opt. Express 13, 534 (2005).
[14] O. Cohen, J. S. Lundeen, B. J. Smith, G. Puentes, P. J.
Mosley, and I. A. Walmsley, Phys. Rev. Lett. 102, 123603
(2009).
[15] J. E. Sharping, K. F. Lee, M. A. Foster, A. C. Turner,
B. S. Schmidt, M. Lipson, A. L. Gaeta, and P. Kumar,
Optics Express 14, 12388 (2006).
[16] C. Xiong, C. Monat, A. S. Clark, C. Grillet, G. D. Mar-
shall, M. J. Steel, J. Li, L. O’Faolain, T. F. Krauss, J. G.
Rarity, and B. J. Eggleton, Opt. Lett. 36, 3413 (2011).
[17] S. Fasel, O. Alibart, S. Tanzilli, P. Baldi, A. Beveratos,
N. Gisin, and H. Zbinden, New J. Phys. 6, 163 (2004).
[18] A. McMillan, J. Fulconis, M. Halder, C. Xiong, J. Rarity,
and W. J. Wadsworth, Opt. Express 17, 6156 (2009).
[19] X. S. Ma, S. Zotter, J. Kofler, T. Jennewein, and
A. Zeilinger, Phys. Rev. A 83, 043814 (2011).
[20] M. J. Collins, C. Xiong, I. H. Rey, T. D. Vo, J. He,
S. Shahnia, C. Reardon, T. F. Krauss, M. J. Steel, A. S.
Clark, and B. J. Eggleton, Nat. Commun. 4, 2582 (2013).
[21] C. Xiong, X. Zhang, Z. Liu, M. J. Collins, A. Mahen-
dra, L. G. Helt, M. J. Steel, D.-Y. Choi, C. J. Chae,
P. H. W. Leong, and B. J. Eggleton, Nat. Commun. 7,
10853 (2016).
[22] K. Garay-Palmett, H. J. McGuinness, O. Cohen, J. S.
Lundeen, R. Rangel-Rojo, A. B. U’Ren, M. G. Raymer,
C. J. McKinstrie, S. Radic, and I. A. Walmsley, Opt.
Express 15, 14870 (2007).
[23] X. M. Fiorentino, P. L. Voss, J. E. Sharping, and P. Ku-
mar, IEEE Phot. Tech. Lett. 14, 983 (2002).
[24] W. Grice and I. Walmsley, Phys. Rev. A 56, 1627 (1997).
[25] M. Halder, J. Fulconis, B. Cemlyn, A. Clark, C. Xiong,
W. J. Wadsworth, and J. Rarity, Opt. Express 17, 4670
(2009).
[26] C. So¨ller, O. Cohen, B. J. Smith, I. A. Walmsley, and
C. Silberhorn, Phys. Rev. A 83, 031806 (2011).
[27] A. Clark, B. Bell, J. Fulconis, M. M. Halder, B. Cemlyn,
O. Alibart, C. Xiong, W. J. Wadsworth, and J. G. Rarity,
New J. Phys. 13, 065009 (2011).
[28] C. K. Hong, Z. Y. Ou, and L. Mandel Phys. Rev. Lett.
59, 2044 (1987).
[29] I. A. Walmsley and M. G. Raymer, Science 307, 1733
(2005).
[30] P. J. Mosley, J. S. Lundeen, B. J. Smith, P. Wasylczyk,
A. B. U’Ren, C. Silberhorn, and I. A. Walmsley, Phys.
Rev. Lett. 100, 133601 (2008).
[31] J. B. Christensen, C. J. McKinstrie, and K. Rottwitt,
Phys. Rev. A 94, 013819 (2016).
[32] A. S. Clark, M. J. Collins, A. C. Judge, E. C. Ma¨gi,
C. Xiong, and B. J. Eggleton, Opt. Express 20, 16807
(2012).
[33] Q. Lin, F. Yaman, and G. P. Agrawal, Phys. Rev. A 75,
023803 (2007).
[34] N. A. Silva and A. N. Pinto, IEEE J. Quantum Electron.
48, 1380 (2012).
[35] N. A. Silva and A. N. Pinto, J. Light. Tech. 31, 1309
(2013).
[36] P. L. Voss and P. Kumar, Opt. Lett. 29, 445 (2004).
[37] P. L. Voss, K. G. Ko¨pru¨lu¨, and P. Kumar, J. Opt. Soc.
Am. 23, 598 (2006).
[38] S. D. Dyer, B. Baek, and S. W. Nam, Opt. Express 17,
10290 (2009).
[39] R. J. A. Francis-Jones, R. A. Hoggarth, and P. J. Mosley,
Optica 3, 1270 (2016).
[40] L. Cui, X. Li, and N. Zhao, Phys. Rev. A 85 023825
(2012).
[41] N. Quesada and J. E. Sipe, Phys. Rev. A 90 063840
(2014).
[42] A. Christ, B. Brecht, W. Mauerer, and C. Silberhorn,
New J. Phys. 15, 053038 (2013).
[43] G. P. Agrawal, Nonlinear Fiber Optics, 5th ed. (Academic
Press, 2013).
[44] B. Bell, A. McMillan, W. McCutcheon, and J. Rarity,
Phys. Rev. A, 92, 053849 (2015).
[45] A. B. U’Ren, C. Silberhorn, R. Erdmann, K. Banaszek,
W. P. Grice, I. a. Walmsley, and M. G. Raymer, Laser
Physics , 14 (2006).
14
[46] D. Hollenbeckand C. D. Cantrell, Journal of the Optical
Society of America B 19, 2886 (2002).
[47] H. Takesueand K. Inoue, Opt. Express 13, 7832 (2005).
[48] B. Smith, P. Mahou, O. Cohen, J. S. Lundeen, and
I. Walmsley, Optics Express 17, 23589 (2009).
[49] S. J. Carter, P. D. Drummond, M. D. Reid, and R. M.
Shelby, Phys. Rev. Lett. 58, 1841 (1987).
[50] L. Boivin, F. Ka¨rtner, and H. Haus, Phys. Rev. Lett. 73,
240 (1994).
[51] E. Brainis, Recent Progress in optical fiber research
(2012).
